We study some of the properties of the geometry of the exceptional Lie group E 7(7) , which describes the U-duality of the N = 8, d = 4 supergravity. In particular, based on a symplectic construction of the Lie algebra e 7(7) due to Adams, we compute the Iwasawa decomposition of the symmetric space M =
Introduction
The exceptional Lie group E 7 plays an important role in supergravity [1, 2] as well as in quantum information theory [3, 4, 5] . It is a simple exceptional Lie group of rank 7 and dimension 133. The complex algebra e 7 is completely characterized by its Dynkin diagram as shown in The Lie algebra e 7 admits four distinct real forms, one for each possible choice of a maximal compact subgroup. In Table 1 we list them together with their maximal compact subgroup (mcs). In the case of the three non compact forms we also recall the supergravity theory for which they describe the electric magnetic duality according to the framework developed in Ref. [6] . The second subscript in the name of the groups indicates the difference between the number of non compact (nc) and compact generators. In particular, here we focus on the split (maximally non compact) form E 7(7) relevant for N = 8 supergravity in 4 dimensions. In the past couple of years this theory has turned out to be increasingly interesting due to its remarkable convergence properties in the ultraviolet [7] . Analyzing the geometry of the E 7(7) symmetry can help to understand what is behind this.
First, in Sec. 2 following a symplectic construction developed in Ref. [8] , we compute the Lie algebra e 7(7) based on a sl(8, R) subalgebra. Then, in Sec. 3 we pick a completely non compact Cartan subalgebra of sl(8, R) as a pivot to perform the Iwasawa decomposition of the coset manifold M = E 7(7)
(SU(8)/Z2) . Finally, in Sec. 4 we recast the equations of N = 8 d = 4 supergravity in the Adams-Iwasawa framework, obtaining explicit expressions for the central charge matrix Z ij and the effective black holes potential V BH , which we apply to the analysis of the attractor mechanism. At the Lie algebra level we study the "large" 1 8 -BPS attractor solutions at the origin of the scalar-manifold itself. Due to the breaking of a residual "degeneracy symmetry" U (1) down to a subgroup Z 4 determined by the choice of the Cartan subalgebra, we find that the dyonic nature of such solutions is spoiled [9] . 2 Adams symplectic construction of the Lie algebra e 7(7)
The Lie algebra e 7(7) can be constructed following Chapter 12 of Ref. [8] .
Let V be an 8-dimensional real vector space, which we are going to identify with R 8 later, and V * its dual. Let Λ i V denote the i-th external power of V . Then SL(V ) can be defined as the group of automorphisms preserving the isomorphism Λ 8 V ≃ R and the Lie algebra L = sl(V ) of SL(V ) acts on the 56-dimensional real vector space
with L(V * ) the adjoint action. Moreover, for i + j = 8 the isomorphism
induced by the wedge product ∧ yields the maps:
which allow us to define an action of
V is a 133-dimensional real vector space of operators acting on W . Then Theorem 12.1 of Ref. [8] states that, up to isomorphisms, A is a Lie algebra acting on W in the same way as e 7(7) acts on its fundamental irrep. 56. And now we are going to implement this construction to explicitly compute it.
First, by identifying V with R 8 , we can easily calculate a realization of sl(8, R) in its irrep. 8, which we can subsequently use as a building block to obtain a matrix realization of the action of sl(V ) on Λ 2 V and afterwards on W , according to the above procedure. Given a basis {e i } i=1,...,8 of R 8 , the algebra sl(8, R) is generated by the 8 × 8 − 1 = 63 traceless 8 × 8 matrices {A kl , S kl , D α } in M (8, R), defined as follows:
Here the A kl 's and S kl 's are 28 antisymmetric and 28 symmetric 8 × 8 matrices, respectively, while the D α 's are 7 diagonal traceless 8 × 8 matrices. At this point some remarks are in order. Despite their traceless symmetry, the S kl 's are only 28 because of the index ordering k < l and the remaining 8 − 1 = 7 traceless diagonal degrees of freedom are implemented through the D α 's. In first line of (3) the square brackets mean antisymmetrization
, whereas the round brackets indicate symmetrization S (kl) ≡ 1 2 (S kl + S lk ) . Finally, the normalization is chosen such that:
Picking the basis {e ij } i<j ≡ e i ∧ e j for Λ 2 V , the extension of the action of sl(V ) to Λ 2 V is:
and then choosing a dual basis {ε ij } i<j for Λ 2 V * , we get:
Notice that in the sums we do not restrict m < n, rather we take into account that e mn = −e nm . Also, we are using the notation:
Equations (5), (8) together, and (6), (9) together define the 56×56 matrices representing the action on W of the operators A kl and S kl respectively. Analogously, (7) and (10) together define the 56 × 56 matrices h Dα corresponding to the diagonal operators D α . The remaining 70 generators of e 7(7) spanning Λ 4 V are obtained from the action of λ i1i2i3i4
≡ e i1 ∧ e i2 ∧ e i3 ∧ e i4 on W through the maps (2):
where ǫ i1i2i3i4j1j2k1k2 is the standard 8-dimensional Levi-Civita tensor, and δ
, with P[1, 2, 3, 4] the set of permutations of [1, 2, 3, 4] and ǫ σ the parity of permutation σ.
Introducing a double-index notation for the matrices according to (M e) ij = k<l M ij|kl e kl , and switching to block matrix form with respect to the decomposition W ≡ Λ 2 V ⊕ Λ 2 V * , the expression for λ i1i2i3i4 becomes:
In order to simplify the analysis of the covariance properties of the parametrization we need to carry out later in Sec. 3, it is convenient to introduce the tetra-indices I ≡ [i 1 i 2 i 3 i 4 ], which are completely antisymmetric and obey to the ordering rule i 1 < i 2 < i 3 < i 4 . This in turn uniquely determines the complementary tetra-indexĨ, satisfying ǫ IĨ = 0 and (λ I ) T = ǫ IĨ λĨ . Then we can perform the change of basis for Λ 4 V :
where the matrices S I 's are symmetric, while the A I 's are antisymmetric. To avoid a double over-counting due to the fact that S I = S I and A I = −A I , we need to restrict the set of tetra-indices. A consistent basis for Λ 4 V is provided by the subset I 8 ≡ [ijk8], with 1 ≤ i < j < k ≤ 7, i.e. by the subset of tetra-indices I with i 4 = 8. It has cardinality Putting it all together, a realization of the algebra e 7(7) in its irrep. 56 is given by the following 133 orthogonal matrices:
The set of antisymmetric matrices A µ ≡ {A kl , A I } is normalized as T r (A µ A ν ) = −2δ µν , and it has cardinality 28 + 35 = 63 (µ = 1, ..., 63), so that A µ generates the maximal compact (symmetric) subgroup
of E 7(7) (see e.g. Ref. [10] ). The set of the remaining 7 + 28 + 35 = 70 symmetric matrices S Λ ≡ {h Dα , S kl , S I } (Λ = 1, ..., 70) is normalized as T r (S Λ S M ) = 2δ ΛM , so that it spans the non compact coset M = E 7 (7) (SU(8)/Z2) .
3
Iwasawa Decomposition of M =
The symmetric space M = E 7 (7) (SU(8)/Z2) has rank 7 (see Table 1 ), which means that it is possible to find a non compact Cartan subalgebra completely outside of su (8) . This is a consequence of the fact that E 7(7) is the split form of E 7 . We can pick such a Cartan subalgebra C as the algebra generated by the 7 diagonal matrices h Dα defined through (7) and (10):
As the next step, we need to choose a complete set of positive roots of e 7(7) with respect to C. Such a choice is provided by the set J + ∪ J + , where
Here we have applied the definitions (6) and (9) for S kl , (5) and (8) 
Finally, an Iwasawa parametrization for the representative of the irreducible, Riemannian, globally symmetric coset space M = E 7 (7) (SU(8)/Z2) can be constructed as [9] :
Before we are able to proceed with the application to N = 8 d = 4 supergravity, a comment on the manifest covariance properties of the 70 real scalars φ ≡ x α , x kl , x I in our parametrization is needed. The scalars have different types of indices, and thus different covariance properties, namely:
• I ∈ I 8 is in the rank-3 antisymmetric irreducible representation 35 of SL (7, R);
• α is in the fundamental irrep. 7 of SL (7, R).
Thus, the maximal common covariance of this framework is SL (7, R), breaking the maximal possible off-shell covariance SL (8, R) of N = 8 d = 4 supergravity:
where 21 is the rank-2 antisymmetric (contra-gradient) irrep. of SL (7, R), and the subscripts denote the weights with respect to SO (1, 1).
Iwasawa N = 8 Supergravity
In this Section we are reformulating N = 8, d = 4 ungauged supergravity theory in the symplectic Adams-Iwasawa frame, computing the central charge matrix Z ij and the effective black holes potential V BH in terms of the symplectic electric and magnetic sections. To this aim in order to compare our expressions e.g. with Ref. [11] , we need to recast the expression (20) for M in the block matrix form: 
Thus, as observed in Sec. 3, the maximal possible off-shell symmetry of the theory is SL (8, R), which has maximal compact subgroup:
(SU(8)/Z2) -coset representative: 2) of Ref. [11] and by relying on the symplectic formalism for extended supergravities recently reviewed e.g. in Ref. [12] , the electric and magnetic symplectic sections f and h of N = 8, d = 4 supergravity are defined respectively as:
which means that, in turn, the 8 × 8 antisymmetric central charge matrix Z ij (see e.g. Eq.
(3.14) of Ref. [11] or Ref. [12] ) can be constructed as:
Following Ref. [12] (see also Eq. (3.17) of Ref. [11] ), now we can plug in the expression (25) for Z to calculate the positive definite effective black hole potential V BH [13] :
We want to study the properties of the "large" 
It is known that the "large" [14, 15] and that it has a moduli space [16, 17, 11, 18] 
SU (6)×SU (2) . The Attractor Eqs. are nothing but criticality conditions for the effective black hole potential V BH [13] :
From Refs. [14, 19, 11] the origin (27) of the scalar manifold M, as a 1 8 -BPS attractor solution, is supported by the skew-diagonal charge configuration:
with r ∈ R + 0 , ϕ ∈ [0, 8π) and ǫ the 2 × 2 symplectic metric. The expression (29) exhibits a maximal compact symmetry SU (6) × SU (2) = mcs E 6(2) , corresponding to the following chain of maximal symmetric group embeddings [10] :
It is important to notice that while r is invariant with respect to SU (6)× SU (2)× U (1) A , ϕ is not invariant under this U (1) A , which can thus be seen as a residual symmetry parametrizing the dyonic nature of 
While (31) doesn't constrain r, it imposes the following condition for ϕ:
But as
α cannot vanish for all α 's, because the D α 's (3) form a basis for the 8 × 8 diagonal traceless matrices with real entries, this means that we are restricted to two types of solutions: the purely electric one with r = q, ϕ = 4kπ, k ∈ Z, and the purely magnetic one with r = p, ϕ = 2 (2k + 1) π, k ∈ Z. In other words the U (1) A symmetry has been broken down to a finite discrete Z 4 subgroup.
This can be understood with the following reasoning. As we have observed in Sec. 3, due to the choice of a Cartan subalgebra the Adams-Iwasawa construction of the E 7 (7) (SU(8)/Z2 -coset representative C (20) explicitly breaks the maximal covariance from SL(8, R) down to SL(7, R) according to the branching (21), which through the Cayley transformation turns into:
But since the two subgroups U (1) E in (33) and U (1) A in (30) do not coincide, we are left with a residual discrete symmetry [9] :
Finally, let's compare the features of the Adams-Iwasawa approach to other known frameworks.
• The Sezgin-van Nieuwenhuizen [20, 11] construction has U Sp(8) max symm SU (8) as maximal manifest symmetry, which coincides with the maximal compact subgroup of the N = 8, d = 5 U -duality group E 6(6) : U Sp(8) = mcs E 6 (6) . By recalling the explicit form of "large" non-BPS charge orbit in N = 8, d = 4 supergravity [14, 15] : O nBP S = E 7(7) E 6(6) , it is clear that this basis provides the natural context for the investigation of "large" dyonic non-BPS d = 4 extremal black holes.
• The Cremmer-Julia or de Wit-Nicolai [1, 2, 11] parametrization has a manifest covariance SO(8) = mcs (SL (8, R)) max symm E 7(7) , providing a natural context in which 1 8 −BPS "large" extremal d = 4 black holes can be treated [11] .
• The Adams-Iwasawa basis spoils the dyonic nature of the black hole attractors, providing a way to single out its purely electric or its purely magnetic component.
